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RESEARCH OBJECTIVES
Our general objective involves the study of the emission, propagation, and absorp-
tion of acoustic waves in matter. Specific areas of present research in fluids include
generation, propagation, and amplification of sound waves in ionized gases and interac-
tion of acoustic waves with coherent light beams.
K. U. Ingard
A. ELECTRIC FIELD ASSOCIATED WITH A SOUND WAVE IN A WEAKLY
IONIZED GAS
Until the present time, it has been believed that an ordinary sound wave in a weakly
ionized gas is characterized by equal velocity perturbations in the three fluid compo-
nents (neutrals, ions, electrons). What actually happens, even for wavelengths much
larger that the Debye length, is that the thermal motion of the electrons results in an
incomplete screening of the electric fields associated with perturbations in ion density,
so that the ions are subjected to competing electrical and collisional forces. The veloc-
ity perturbations are, in fact, related by the expressions
-1iw(Te /y nT n) -I
v. = vn + (e/ T V[l+ix]- 1  (1)
in + me en/m
and
. = ve + ( (2)
Here, (k/kD) is the ratio of the electronic Debye length to the wavelength, which is
assumed to be much less than unity, (T /T ) is the ratio of electron temperature to
gas temperature, which is assumed to be much greater than unity, (me/m ) is the ratio
of electron mass to neutral mass, yn is the specific heat ratio for the gas, and .in and
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Wen are the collision frequencies for ions and electrons, respectively, in the neutral
gas. Under usual discharge conditions, the ions and neutrals are seen by (1) to be 450
out of phase for frequencies w/2T - 102-103 Hz. The expressions are somewhat more
complicated if one assumes a nonisothermal electron gas or a ratio Te/Tn 1, but the
general conclusions remain unchanged.
Equations 1 and 2 imply an electric field perturbation
x
iq 1 + ix' (3)
where q is the electronic charge, p is the sound pressure, and a- is the ion-neutral
cross section.
The present result affects previously reported acoustic wave amplification in a
plasma,2, 3 ion-density measurements in a shock wave,4 and other effects related to
5-7
the motion of charged particles in an ordinary sound wave.
H. M. Schulz III, U. Ingard
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B. VISCOUS EFFECTS IN A HYDRODYNAMIC PLASMA
We shall consider some dissipative effects in a hydrodynamic plasma. The plasma
is treated as if it were a classical viscous fluid, and the hydrodynamic equations
describing such a fluid are used. This approach is valid only for phenomena involving
characteristic frequencies much less than the collision frequency (which, in turn, is
generally less than the plasma frequency), since only then is the dependent assumption
of a local Maxwellian distribution justified. In the following analysis we shall show that
longitudinal and transverse waves propagate independently (with different dispersion
relations) in such a plasma. The discarding of the assumption of isentropic flow will
lead to additional roots of the dispersion equation; all of the roots will lead, however
to heavily damped waves.
QPR No. 84
(XVI. PHYSICAL ACOUSTICS)
The equations describing a hydrodynamic plasma are
ap
a- + Div (pv) = 0 (1)
8 4 e vE+XB
-(pv) + Div (pvv) = -Grad P +- -4 Grad Div v- . Curl Curl v - X c (2)t 3 m c
DivE = -4e e (P-Po) (3)
1 8B
Curl E =
- 
1 aB (4)c at
Div B = 0 (5)
1 8E 4n eCurl B =(p ), (6)
c at cm
where
p = the mass density
v = the velocity
P = the pressure
pL = the coefficient of viscosity
-e/m = the electronic charge-to-mass ratio
E = the electric field
B = the magnetic field
Po = the equilibrium (average) mass density
and we are assuming that the plasma is an "electron fluid" superimposed on an immo-
bile background of positive charge. To complete the formulation of the basic equations
of the system, we must also introduce an equation of state and an equation expressing
the conservation of energy. For the former, we shall merely use the ideal gas law
pKT
P m , (7)
m
so that the latter is given1 by
a 3 pKT 1 2 E2  B21 1 KTv ++ Z - Epv + -+ + Div [--+ pv v+_t2 m pv + 8T2 m i
5 1 2 e
+ Pv - K Grad T + 5v Div v - 4 Div (vv) Grad (v )= pE v, (8)
where S is the Poynting vector, and K is the coefficient of thermal conductivity.
If we assume that there are no external sources of electromagnetic fields, then lon-
gitudinal and transverse waves can propagate through the system independently of one
another (to first order), and with different dispersion relations. To show this, we
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linearize the basic equations, which then become
p(1)
at
av(1)avPo
o at
Div v ( 1 ) = 0
-Grad P 4 v (1) (1)+ t- Grad Div v - 4 Curl Curl vI
Div EM = -4r e (1)
- m
Curl E ( 1) 1 8B
(1 )
- c at
Div B ( = 0
Curl B ( 1 )  aE
- c at
T(1) p(1) p
T P P
3 aP ( 1 )  5
2 at +2 P
4rr e (1)
cm 0-
Div v ( 1 ) - K1Z ( 1 ) = O.VT1
Considering longitudinal waves first, we take the divergence of Eq. 10, and with the
aid of Eqs. 9 and 11, obtain
a2
at2
4 12 8
3 p at0
2 (1) 2 (1)+ W P (1 = 2 P (17)
where w =
p
reduce to
(4Trpe2 /m2 1/2(4p e /m ) is the plasma frequency. Similarly, Eqs. 9, 15, and 16
2 To 2
3 P0
where cT = (KT/m)1/2 is the
time dependence
thermal velocity of the electrons. Assuming a
of the form exp(-iwt), where w * 0, we solve Eqs. 17 and 18,
and obtain
Lp (1) = 0,
where the linear operator L is given by
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m 0- (10)
(11)
(12)
(13)
(14)
(15)
(16)
5 2
SCT
o 1K -c
o cT
V2] (l) (18)
(19)
(1) t 2
8t3
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w 2
2 2 4 K w P 2 2  .5 CTPo 2L = KV V -i 3 V - K Z + w3 2 2 2 T
PoCT cT o
-23 P (2p 2) (20)
T o
Notice that L is independent of c, the speed of light, but does depend on cTy,  , and K;
furthermore, all spatial dependence contained in L appears in the form of Laplacian
operators.
Since Div v (1 ) is related to p(1) by Eq. 9, we conclude that Eq. 19 also implies
L Div v 1 ) = 0 (21)
The dispersion relation for longitudinal waves is thus obtained by replacing V 2 by
-k2 in Eq. 20, and setting the resulting expression equal to zero; the result is
2
4 4 K 4 2 5 cTPo 2 24L2 2
Kk - i wk + KP k2  i 2  +  k3 2 2 2T T
PocT CT o o
3 Po 2 2
-Z T W ( 2 = 0 (22)
o
For isentropic flow . = K = 0, and we have
2 2
k = (23)5 2
T CT
Since w < w , this implies that all waves are heavily damped, decaying in a distance of
the order of cT/wp. For nonisentropic flow (and << 1/T, where T is the "collision
time"), Eq. 22 has two solutions, both of which are heavily damped:
2
2 
= p
k - (24)
cT
2
2  3 Po CTk= i - W. (25)2T K
The removal of the isentropic condition thus creates an additional root of the dispersion
relation (consideration of additional mobile species in the system would presumably
QPR No. 84 101
(XVI. PHYSICAL ACOUSTICS)
create even more), although neither one reduces to the isentropic result, Eq. 23, in the
zero-frequency limit.
To derive the dispersion relation for transverse waves, we take the curl of Eq. 14,
and with the aid of Eq. 12, obtain
V2 1 a Z] B(1) 4 T e  Curl v(1) (6)L 2  c m Po Curl v (26)
c at -c m
Combining this result with that obtained by taking the curl of Eq. 10,
S Curl v(1) -e o ( (27)
(1)Po at- m c atwe find that Curl v( 1 ) must satisfy the condition
a3 Z 2 2 1 82Curl v ( 1 )
'7 V P +2- V Curlv = 0.tV2 1 d p V2 + 2 2 at - (28)
c t o c at  - "
If an exp (-iwt) dependence is assumed, the result is
M Curl v 0, (29)
where
2
2 3 22 2 pM = - iw - iW V2V 2  7+ iw (30)2 p p 2 2
c 0 oc c
Notice that M is independent of cT and K, but does depend on c and ±; furthermore, as
was the case with the operator L, all spatial dependence appears in the form of
Laplacian operators.
The dispersion relation for transverse waves is obtained by replacing V2 by -k2 in
Eq. 30, and setting the resulting expression equal to zero:
4 2 2, 2 2
k +- k2 + iwk + i- -2 0. (31)
Po Po c c (
For isentropic flow, 4 = 0, and we have
kZ  (32)2
c
so that all waves are heavily damped, decaying in a distance of the order of c/w . For
nonisentropic flow, Eq. 31 has two solutions, both of which are heavily damped:
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2 1/
k i - i-- (33)
o wc
If << p , the two roots become
po
2 pk = io- (34)
k 2. (35)
c
Notice that Eq. 35 is the same as the isentropic solution, Eq. 32
To find the most general solution for all first-order quantities, we must realize that
it is possible for both longitudinal and transverse phenomena to be present in a plasma
at the same time. Thus we separate the first-order velocity v ( 1 ) into irrotational and
solenoidal parts:
v 1 ) - Grad 4 + Curl A. (36)
Then
Div v(1 )  2 (37)
Curl v( ) =-VA, (38)
in which we assume Div A = 0. Equations 21 and 22 thus become
LV24 = 0 (39)
MVZA = 0, (40)
and these equations plus the appropriate boundary conditions uniquely determine 0 and
(1) (1) E1 ' and B 1 )A__ The quantities p(1), p(1) T(1), E ( 1 ) and B__( 1 ) can then be found by using one or more
of Eqs. 9-16 in conjunction with Eq. 36.
J. A. Ross
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C. INTERFERENCE OF LIGHT WITH LIGHT IN A PLASMA
We shall consider the perturbation effects of externally produced electromagnetic
waves on a homogeneous, collisionless, nonrelativistic plasma; such waves can be
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generated, for example, by klystrons or lasers, the choice depending on the frequencies
desired. These waves tend to interfere with each other, primarily by the interaction of
their magnetic fields with the induced oscillations of the charged particles. This v X B
interaction thus leads to second-order waves having frequencies and wave vectors equal
to the sum and difference of those of the primary waves. There is also a resonance if
the difference in frequency of the primary waves is equal to the plasma frequency.
The (classical) analysis presented here is original, and the author thought, at first,
1
that it was still totally unpublished. He has since discovered a paper by Montgomery,
in which a number of the results presented in this report are given for the special case
of linearly polarized, parallel, perturbing waves. The results presented here reduce
to those of Montgomery in the special case considered by him, but are presented here
for the general case of arbitrary polarization of the waves, with arbitrary angles
between their wave vectors. The results are thus given in a more general form than
those of Montgomery, and have a more general validity in view of the fact that in prac-
tice two interacting beams will never be strictly parallel.
For mathematical simplicity, we shall assume that the plasma is "cold," that is,
that its temperature is very low; to state this another way, we shall assume that the
thermal velocities of all the species in the plasma system are much less than the phase
velocity of any wave considered.2 In this case the equations for the conservation of par-
ticles and momentum in a plasma may be written 2
an
a + Div (n v) = 0 (Conservation of Particles) (1)
a (m n v ) + Div (m n v v )= qnE + -a (Conservation of Momentum) (2)
t a a-a a a-a-a a - c
where E and B are the electric and magnetic fields; qa and ma are the charge and
th
mass, respectively, of a particle of the a species, and
na(x, t) = dv fa(X, v, t) (particle density) (3)
n aV (x,t) = dv v fa(x, v,t) (4)
nv (x,t) v_(x,t) = dv v v f(x, v, t), (5)
where f is the distribution function for the ath species. Maxwell's equations are
Div E = 4r qn (6)
a
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Curl E 
B
Div B= 0at
Div B = 0
Curl B = + 1 a8E 4r
c at c a a-a
Taking the curl of Eq. 7, and using Eq. 9, we obtain the following equation for E(x, t):
V z Grad Div
c2 at
2
E 4- n
2 at a a-a
We next expand the relevant variables in perturbation series about their equilibrium
values, and remembering that we are dealing with a homogeneous plasma with no zero-
order electromagnetic fields, take
n(0) = N
a
v(0) 0.
-a
Hence the first-order expansions of Eqs. 1 and 2 become
(11)
(12)
(1)an
a + N
at a Div v
( 1 ) 
= 0
-a
8v(1)
a a (1).
at m-
a
Solving Eq. 10 to first order with the aid of Eq. 14, we obtain
1 82
c at
where
2
p
2 21
pa
2
- Grad Div E(1) P (1)
c
2
4TN q
m
a
Assuming a wave dependence of the form exp[i(kz-wt)] for E( I) , we conclude that either
W = W or else E ( 1 ) = 0. We consider first the last case; the waves are purely trans-
p -z
verse (as opposed to the natural oscillations, which are purely longitudinal), and, from
Eq. 15, the dispersion relation is
2k c 2 2
p
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(9)
(10)
(13)
(14)
(15)
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Thus only waves having frequencies greater than the natural oscillation frequency p
can propagate through the plasma.
Such waves, being purely transverse, do not induce a separation of charge. They do,
however, cause a transverse oscillatory motion of the particles, and this motion couples
with the magnetic field of the wave to produce a second-order longitudinal wave. To see
this mathematically, consider the first-order wave
1 ) EA cos (kz-wt) x, (17)
-AN
where the symbol x is used to designate the unit vector in the x-direction. Then Eqs.
7, 13, and 14 yield
S-kc EA cos (kz-wt) y  (18)
(1) % 1v - E sin (kz-wt) x (19)
-a m W A
a
n( )= 0. (20)
a
The second-order electric field E (2 ) is found from Eq. 10 to satisfy
S 2  av(2 )S 1 - Grad Div E(2)= 4r q Na -a. (1)
c at c
a
Now the second-order velocity v(2 ) is related to E (2 ) and the first-order quantities by
the second-order expansion of Eq. 2:
av(2) [ (1)
a + Div v(1) (1) a M +-a X B (1) . (22)at -a -a m c -
Thus Eq. 21 may be written
2 2
2 1 82 Up B 12 )  7 p _ [(1)
122 - Grad Div- E(2) = X B (1)  m Div (1) (1) (23)2 at 2  c - q a -a .
cat ci c
This equation is valid for any situation in which n ) = 0. For our particular example,
Dilv (1) V ) vanishes, and E (2 ) is given by a
2
(2) a pa 1 k 2  24)E- m 2 EA sin [2(kz-wt)] z; (4)
a a (4 2 2)
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it is thus a longitudinal wave having a frequency and wave vector that are twice those of
the perturbing transverse wave. Associated with this electric field E ( 2 ) is a longitudinal
particle oscillation; thus although a transverse wave produces no charge separation of
first order, it does induce one to second order.
A more interesting situation is that involving the interaction between the plasma and
two perturbing sources, that is, the interference of light with light in a plasma. In this
case we expect that, in addition to the waves generated by the two sources separately,
their interaction will produce second-order waves having frequencies and wave vectors
equal to the sum and difference of those of the first-order waves. We expect, further-
more, that some kind of resonance will occur when the difference in frequency of the
two first-order waves is equal to the plasma frequency w . That this is indeed the case
will be borne out of our analysis.
Once again, the first-order dispersion relation, Eq. 15, requires that the per-
turbing waves be transverse. This in turn implies, with Eqs. 13 and 14, that n(1)= 0;
a
hence Eq. 23 is again valid. Designating the two first-order waves by the subscripts 1
and 2 we take the direction of propagation of E to be the z-direction, and that of E to
-- 2
be a direction in the xz-plane making an angle p with the z-axis; that is
k= kl (25)1 1
k 2 = k 2 sin p^ + k 2 cos pz. (26)
Allowing for arbitrary polarization of the two waves, we thus take
E = EIA cos (kl - 1t-6 1 ) X+ E1B cos (k 1.x-y 1t-~ 1 ) y (27)
E 1-E1Cs wt (k X-wt1)+
-2 = -E2A cos P cos ( x-2t - ) + E2B cos ( k2.x - 2 t - 2 )
A
+ EZA sin p cos (k 2 .x- wZt- 6) z, (28)
where 61, 0 1, 62 and 2 are arbitrary phase angles. Then from Eqs. 7, 13, and 14, we
have
klc k 1c
B 1  ElB cos .L t - x + E1A cos (k -W1 t-1)y (29)1 1W W1 A 1 1
k c k c
B2 = E cos cos (k x-2t 2 ) x- E 2 A cos (k 2 . x- 2 t-) y
k2c
+ E B sin cos (k .x- wt - ) z (30)
W2
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S - [E A sin (kl - t - 6)
-a m a- 1
qa E1B 
c 
- )-ma [-1B sin (k 1 .x- It- 1 )
EZA 1
cos P sin(k *x-w t - 6 ) x
+ sin(k x- t- ) y02
qa EZA
sin p sin (kz'x- w2 t - 62) zm 
a 2
n( 1 ) = 0.a
To find E ( Z ) we must first evaluate the
able amount of tedious algebra, we obtain
(1)
-a X B(1) - a Div v1 1 
_a 1 Grad
c - q -a -a m 2
where
E(1) E + E2B(1 1 -2
B(1) =Bl +B
right-hand side of Eq. 23. After a consider-
2
dt E (33)
(34)
(35)
Thus there will be no interference effects between the two waves, regardless of their
frequencies or wave vectors, unless E 1 . E2 0.
The right-hand side of Eq. 33 appears to be nonlinear; it is actually a linear expres-
sion, however, and may be written as a sum of purely sinusoidal terms with the aid of
the trigonometric identity
2 sin a cos b = sin (a+b) + sin (a-b). (36)
Using this identity, we may solve Eq. 23 for the second-order electric field E (Z ) , and,
after a considerable amount of algebra, obtain
(2 (a
a
p2 2 EA sin [Z(k 1 x-w 1t-6 1 )]+ EB sin [Z(k x - W 1 t-l  ]
4W1 p W1
+ ) [2A sin (k 2.- w2 t-6 2 )]+ EZB sin [2(kz x-w 2 t- 2 )]k 2
+ [-E E cos sin (k x -w t-6 ) + E BEB sin(k+ x-w+t-+)] k
2 A 2 A + (k 1B ZB +- I z2\+-p
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( z E[-E1AEzA cos P sin (k x-w-t-6_) + 1BE 2 B sin (k- x-w-t-_)]
p
(37)
where k k + k2' 0 W 1 f ' = 61 ± 625 and = 1 ±
Thus E( Z ) is the sum of two kinds of longitudinal waves: those of the form observed
in Eq. 24 representing "self-interactions" of the first-order waves; and "sum and dif-
ference" waves representing interference of the two first-order waves with each other.
Notice that the interference terms contain the factor k±/wlw2 , rather then k /w ; this is
necessary to insure that E(2 reduces to the proper result for the special case k = k
,
1 = W2. Notice also that, although wl > wp and w > W , w- can have any value. Thus,
by this means, it is possible to generate a longitudinal wave of arbitrary frequency and
wave number. As expected, there is a resonance at Iw I= w . The occurrence of this
p
resonance is independent of the angle P, however, so that the produced resonant wave
can have any wave number. The wave number is, in fact, given by
l-k2 = (k + kZ - 2klk 2 cos p)1/2, (38)
where (Eq. 16)
22 2 2k c =W. - OW1 1 p
For >> wp and 1 = 0, we have Ik-k 2  W1-W2 /c= p/c, a rather small wave number;
for p = i/2, however, we obtain Ik l-k 2 = +  /c, a relatively large wave
number if w. w . Last, but not least, we wish to point out that only those particles
with very large values of qa/ma (the electrons) participate significantly in the oscilla-
tions described.
Thus far we have been dealing only with transverse waves. We now wish to consider
the effects of the addition of longitudinal waves to our analysis. By Eq. 16, such a wave
must oscillate at the plasma frequency p, although its wave number k is arbitrary. We
shall consider now the situation involving interference between a longitudinal and a trans-
verse wave in a plasma. In contrast to the case involving two transverse waves, we
shall find that the second-order "sum and difference" waves produced by the interaction
are both longitudinal and transverse, and are generated regardless of the angle between
the two first-order waves. As expected, there is a resonance when the frequency dif-
ference between the two waves is w (that is, the frequency of the transverse wave is
2w ), but there are also additional resonances that depend on the wave vectors of thep
primary waves.
Our starting point is the second-order expansion of Eq. 10:
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(39)2 a - Grad Div E(2) 4q (n )(
t ct at z  ca a
With the aid of the second-order expansion of Eq. Z,
(n v )(2) +
at (a-a N a Div (Va v )(2)
we obtain
V2 - Grad Div- 1 -2
c at
2 SE(Z
ci
a InaE)(2) + N
m a-
a
a (1))
Sa- X 
_B(
c
a.
This is the most general form of the equation governing the generation of second-order
fields in a plasma.
Allowing full generality for the polarization and phase difference between the two
waves, we take
E l = EA cos (kl- ol t - 6) i + E1B cos (kl.x- w t - 4) y
E2 = EZ sin p cos (k* x- Wt)x + E cos P cos (k2 x - o t) z,where 6 and are arbitrary phase angles, and k
where 5 and 0t are arbitrary phase angles, and _k and k 2 are given by
(42)
(43)
kl = k z
k 2  k2 sin P x + k2 cos P z.
Then, from Eqs. 7, 13, and 14, we have
klc
1 B os (k
klc
t -4) x + E1A cos (k x ol t - 6) y
1
B = 0
-- 2
q E1A E^
-av ( 1 )  a - sin (k l x - owlt - 6) + -2 sin p sin (k 2 . x W- t) x
-a m a 1  W2
qa E1B
-sin (kX- olt - ) ym a 1a 1
qa E 2 S cos sin (k 2 x - w t) z
ma 2 2- pa2
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( 1)
-a X
c
(40)
m
a
- a Div
q a
n(1)
(_l(1) )) + a E(1 )
(41)
(44)
(45)
(46)
(47)
(48)
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(1) a k2
a NE sin (kZ. x - w t). (49)a m 2 a- p
a 2
With these expressions for the first-order quantities (and the relation = p), we find,
after a considerable amount of algebra, that Eq. 41 can be written
Curl Curl + 1 2  ) pa a Grad E1)dt
c 8t c c a
+ E(1) dt[ Div E(1) dt]
+ E(1) dt Div E(') dtI . (50)
This is a general expression governing the interference of waves with waves in a plasma,
and shows that although there is no interference between perpendicular transverse waves,
there is always interference between transverse and longitudinal waves, regardless of
the angle between them.
To find the second-order electric field E ( ) we again use Eq. 36; the result is
2
2
= - -- EA sin 2(kl It-
+ E1B sin [2(k i. x- It- ] z+ sin [2(z2- pt)]
1 p p
+ E1AE Z sin (k x- +t-6)2 z  2
+ p/+k k_
-U IAE 2  Sin (k "_x- st- t)U)k
k
kl Sin 2 _ k Z+ - E 2 + -+ EIAE2 sin (k x- t- 6)k
k+ k + p)
+ E1BEz 
s i n  (k -k - ) k X ((X k-
1 _ 1 kZ 1+- )[E1AE sin (_k_ x-+t-) k_ X ( X k+)k k2c2 Z 2 W p 1k p) p
+ E1BE Z sin (k + x-i 2t- ) _k + X (kX kX ]
(51)
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As expected, we have both longitudinal and transverse interference waves. We also
have a resonance when the frequency of the transverse waves equals 2Zp, but there are
additional resonances at other frequencies, which depend to a considerable extent on the
wave vectors of the two primary waves.
In this report we have dealt only with plane waves. Our analysis can easily be
extended to cases involving cylindrical and/or spherical waves, but, at the present time,
there is no way to generate such waves. An analysis of such a situation is thus rather
meaningless, and hence has been omitted here.
J. A. Ross
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